Introduction and notation
In a sequence of papers [J1, J2, J3, J4, J5, J6, JL] , Stanislav Jakubec has derived a purely algebraic technique that enabled him to prove congruences of Ankeny-Artin-Chowla type modulo p and p 2 for cyclic fields K of prime degree l and prime conductor p. For an overview of his technique we recommend reading the first section of [M] . His main result (see also [M, Theorem 1.1] ) is a congruence for the class number h K of the field K expressed using certain units of finite index in terms of a technical map Φ n defined later. More specifically, the description of h K is given in terms of congruences of type Φ n (P 1 , . . . , P nl−1 ) ≡ cΦ n (R 1 , . . . , R nl−1 ) (mod p n ), where numbers P 1 , . . . , P nl−1 , R 1 , . . . R nl−1 and c are p-integral rational numbers. Better understanding of this setup is the main motivation of this paper.
Although our main result (Theorem 1) is formulated for a more general case, in the context of the technique of Jakubec, one should think of l as the degree of the field K, over the field Q of rational numbers, so that l | p − 1 and N = n is the power of p corresponding to congruences modulo p n . As a consequence, we obtain the decomposition of the map Φ that would allow formulation of congruences of Ankeny-Artin-Chowla type modulo p n . Given a monic polynomial g(
) to be the sum of the j th powers of the roots of g(X). Using Newton formulas, all X j 's can be expressed recursively in terms of the coefficients of g(X) as follows:
, and
Conversely, given a set (X 1 , . . . , X Nl−1 ) of sums of powers of roots of g(X)
is expressed from the equation (1) as 
DECOMPOSITION OF CONGRUENCES INVOLVING A MAP Φ
The map Φ 2 was introduced in [J4] in connection with congruences modulo p 2 relating the class number of a cyclic subfield K of a degree l and a prime conductor p, fundamental units of K and Bernoulli numbers. More explicit formulations of these congruences were later obtained in [JL] with the help of the decomposition of the map Φ 3 modulo p 2 . The decomposition of the map Φ modulo p 3 was obtained in [M] . In this paper we generalize the results of [JL] and [M] and give a p-adic decomposition of map Φ n modulo p n for an arbitrary power p n . More specifically, the following theorem describes, for arbitrary positive integer n and suitable N ≥ n, necessary and sufficient conditions for an existence of a solution of congruence
for some p-integral constant c.
Ì ÓÖ Ñ 1º Fix integers l, p, n and N ≥ n such that l < p and all expressions
for some p-integral constant c if and only if
, where x denotes the smallest integer larger than x, satisfies the assumptions of the above theorem. Specifically, if nl < p, then N = n satisfies these assumptions. In the context of papers [J4, JL, M] 
Elements having the same image under
The following formula relates values of functions Y j (X 1 , . . . , X j ) for sets (X 1 , . . . , X Nl−1 ) that differ only in one component.
P r o o f. By induction on j. The statement is clearly valid for any j < m. Assume the statement is proven for any index smaller than j and j ≥ m. Using (2), the inductive assumption, rearrangement and (2) again we compute From now on assume that N ≥ n and all expressions p
Under this assumption we will show that certain operations on (N l−1)-tuples (A 1 , . . . , A Nl−1 ) do not change their image under Φ N modulo p n . + m)a, A kl+m+1 , . . . , A Nl−1 ).
Ä ÑÑ 1.2º Let a be an integer. Then
According to Lemma 1.1
where S = [ 
Combine the above expressions to infer that
Fix 0 ≤ u ≤ l − 1 and consider the expression 
The proof of the remaining part of the lemma is analogous.
Next we prove a characterization of (N l − 1)-tuples (X 1 , . . . , X Nl−1 ) having the same image under Φ N modulo p n .
Ä ÑÑ
for each m = 1, . . . , l − 1 and . . . ,Z l−1,2 , Z l,3 , . . . ,Z 1,N −1 , . . . ,Z l−1,N −1 ) modulo p n such that 
for each m = 1, . . . , l − 1 and
Observe 
where residue classes of Z 1 , . . . , Z l−1 are fixed modulo p n and Z l is fixed modulo p n−1 . Using the above formulae we obtain p( We will show that
This is equivalent to a series of congruences 
